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, Abstract. Matrix elements of intertwining operators between g-Wakimoto modules associa- 

ted to the tensor product of representations of U q {sl2) with arbitrary spins are studied. It is 
shown that they coincide with the Tarasov-Varchenko's formulae of the solutions of the qKZ 
equations. The result generalizes that of the previous paper [Kuroki K., Nakayashiki A., 
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1 Introduction 

(N 
> 

OO In [8] the integral formulae of the quantum Knizhnik-Zamolodchikov (qKZ) equations [3] for 

the tensor product of spin 1/2 representation of Uq^sfa) arising from q-Wakimoto modules have 
been studied. The formulae are identified with those of Tarasov-Varchenko's formulae. The aim 
of this paper is to generalize the results to the case of tensor product of representations with 
arbitrary spins. 

It is known that certain matrix elements of intertwining operators between g-Wakimoto modu- 
les satisfy the qKZ equation [3j[T0]. Thus it is interesting to compute those matrix elements 
^ ' explicitly. In [5] two kinds of intertwining operators were introduced, type I and type II. They 

^ 1 were defined according as the position of evaluation representations. In the application to the 

study of solvable lattice models two types of operators have their own roles. Type I and type II 
operators correspond to states and particles respectively. The properties of traces exhibit very 
different structure. However as far as the matrix elements are concerned they are not expected 
to be very different [5]. 

In [8j a computation of matrix elements has been carried out in the case of type I opera- 
tor and the tensor product of 2-dimensional vector representation of Uq^sl?) generalizing the 
result of [10] (see the previous paper [8]). In this paper we compute matrix elements for the 
composition of the type I intertwining operators [5] associated to finite dimensional irreducible 
representations of U q {sl2). We perform certain multidimensional integrals and sums explicitly. 
It is shown that the formulae thus obtained coincide with those of Matsuo [9], Tarasov and 
Varchenko [13] without the term corresponding to the deformed cycles. 

To obtain actual matrix elements of intertwining operators it is necessary to specify certain 
contours of integration associated to screening operators. We do not consider this problem in 
this paper. To find integration contours describing each composition of intertwining operators is 
an important open problem. We also remark that the formulae for type II intertwining operators 
are not obtained in this paper. The computation of them looks quite different from that for 
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type I case as opposed to the expectation. It is interesting to find the way to get a similar result 
for matrix elements in the case of type II operators. 

The paper is organized in the following manner. The construction of the solutions of the 
qKZ equations due to Tarasov and Varchenko is reviewed in Section [2j In Section [3] a free field 
construction of intertwining operator is reviewed. The formulae for the matrix elements of some 
operators are calculated in Section [U The main theorem of this paper is stated in this section. 
In Section [5] the proof of the main theorem is given. The evaluation representation of U q {sl2) 
is explicitly described in Appendix |Aj Appendix [B] gives the explicit form of the i?-matrix 
in special cases. The explicit forms of the operators which appear in Section [3] are given in 
Appendix [Cj Appendix [D] contains the list of OPE's which is necessary to derive the integral 
formulae. 



2 Tarasov— Varchenko 's formulae 



We review Tarasov-Varchenko's formula for solutions of the qKZ equations. In this paper 
we assume that q is a complex number such that \q\ < 1. We mainly follow the notation 

of [13] . For a nonnegative integer I let V® = ®,- =0 Cvf be the / + 1 dimensional irreducible 
U q (sl2)-m.odule and vj = V® ® C[z, z" 1 ] the evaluation representation of U q {sl2) on V®. The 
action of U q (sl2) on Vz is given in Appendix [Aj Let l\ and I2 be nonnegative integers and 
Rh,h( z ) ^ EndCW 1 ) ® V^) the trigonometric quantum /2-matrix uniquely determined by the 
following conditions: 

(i) PRi lt i 2 (z) commutes with U q (sl2), 

(ii) PR h>l2 (z){vS l} ®vS 2} ) = v$ 2) 

where P : ® V {1 ^ -> ® is a linear map given by 
P{v ®w) = w ® v. 

The explicit form of the i?-matrix is given in Appendix [B] in case l\ = 1 or I2 = 1. We set 

Ph ' lj[Z) q 2 {q-^^z-^q^Uiq^-h+H-^q^ 

Qv^=vtl (vPevU), 

where for a complex number a with \a\ < 1 

00 

(z;a)oo = JJ (l - a l z). 

i=0 

Let k be a complex number. We set 

p=q 2{ ~ k+2 \ 

We assume that p satisfies \p\ < 1. Let Tj denote the p-shift operator of Zj, 

Tjf(z u ...,Zn) = f{zi, . . . ,pzj, . . . z n ). 

Let li, . . . ,l n and A?" be nonnegative integers. The qKZ equation for a Vi x ® • • • ® Vz n -valued 
function ^f(z\, . . . , z n ) is 

TjV = Rjj-i(pzj/zj-i) ■ ■ ■ R jj i(pz j /z 1 )K^'Rj jn (zj/z n ) ■ ■ ■ Rjj+i(zj / Zj +1 )V , (1) 
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where k is a complex parameter, Rij(z) signifies that .ij(z) acts on the i-th. and j-th compo- 
nents of the tensor product and K hi acts on j-th component as 



K 2 v m — k 2 v m . 



We set 

(z)oo = (z;p), 6(z) = (z) co (pz~ 1 ) oD (p) 00 . 

n 

Consider a sequence (y) = (y\, . . . ,v n ) satisfying < < li for all i and N = v %- Let 
r = %{i | Ui ^ 0}, {i | Vi 7^ 0} = {k(l) < ■ ■ ■ < k(r)} and rii = v^uy We set 



i=l 



( \ 



w 



a<& y a 6 r 1 u-ur r ={i,...,Af} 



n 



g 2 *a - *6 



l<i<j<r 



|r s |=n s (s=l,...,r) 



i,...,r) Veri.fterj / 



x 
&er 



n ( + , „-j fc m w . ... n 



J, — Zj 



The elliptic hyper geometric space .Fell is the space of functions W(t, z)=W{t\, . . . , tjy, z\, . . . , z n ) 
of the form 

1 TT 0{tjt b ) 



W = Y(z)e(t,z)— [] 



e{ q -H a /t b ) 

j=l o=l 



n n o{q i n a / Zj \ i<a<b<N 



satisfying the following conditions: 

(i) Y(z) is meromorphic on (C*) n in z±, . . . , z n , where C* = C \ {0}; 
(ii) @(t, z) is holomorphic on (<C*) n+N in t±, . . . , z n and symmetric in t\, . . . , t^; 

n 

(Hi) T l a W/W = Kq- 2N+ia ~ 2 fl q li , T'W/W = q~ l 3 N , where T l a W = W(h, . . . ,pt a , ...,t N ,z) 

i=i 

and T?W = W(t, zi, . . . ,pzj, z n ). 
Define the phase function <&(t,z) by 

- {q h t a /z i ) 00 \ ( -p-r ((?~ 2 taAb)oo\ 



For W E Fdi let 

N 



I(w {t) ,W)= l-r*(t, z)w {e) (t, z)W(t, 

where is a suitable deformation of the torus 

T N = {(t 1 ,...,t N ) \\ti\ = 1,1 <t<N}, 
specified as follows. The integrand has simple poles at 

ta/zj = (pV*')^ s ^ °> 1 < « < ^ l<j<n, 



*). (2) 
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tjtb = (pV)* 1 , s>0, l<a<b<N. 

The contour of integration in t a is a simple closed curve which rounds the origin in the counter- 
clockwise direction and separates the following two sets 

{p s q- l3 zj,p s q\\s >0,1 <j <N,a <b}, 
{p~ s q lj Zj,P~ s q~%\s >0,1 <j <N,a< b}. 

Let L be a complex number and 

-2(L+E ^~ JV+l) 

k = q i=1 

Then 

^ = ( n ) ( n Ai) ) e ' ® ■ ■ ■ ® < n) (3) 

Vi=i / \i<j J ( e ) 

is a solution of the qKZ equation ([I]) for any S .Fell where (— e) = (l\ — e\, . . . , l n — e n ) and 

^ _ ( w '^)+ 2 z- 1 ;j 4 , P ) oo (pg"''"''" 1 " 2 *" 1 ;? 4 ,?)^ 

..i (p^- z i+ 2 2;- 1 ;g 4 ,p) oo (pg- / »+^+ 2 z- 1 ;g 4 ,p) oo ' 



' oo 

oo oo 

^p»9)=nii( i -pv 

i=0 jf=0 



•Z) 



3 Free field realizations 

We briefly review the free field construction of the representation of the U q {sl2) of level k 
[HEBE] an d intertwining operators [Il[6j[7]. We mainly follow the notation of [6]. We set 

M = — ■ 

q-q 1 

Let k be a complex number and {a n , & n , c n , ao, 6o, Co, Q a , Qft, Qc I n £ ^>o} satisfy 

[(fc + 2)n][2n] 

an,a m = <Wn,o , [ao, Q a = 2(fc + 2), 

n 

_[2n] 2 

[&n, &m] = <5m+n,0 , [&0> Qb] = —4, 

n 

[2n] 2 

[c n ,c m ] = 5 m+n o , [co,Q c ] = 4. 

n 

Other combinations of elements are supposed to commute. Set 

N± = C[a n , b n ,c n \ ±n> 0]. 

Let r be a complex number and s an integer. The Fock module F rs is defined to be the free iV_ 
module of rank one generated by the vector \r, s) satisfying 

N + \r, s)=0, a \r, s) = r\r, s), b \r, s) = -2s\r, s), c \r, s) = -2s\r, s). 
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We set 



The right Fock module F} g and Fr are similarly defined using the vector (r, s\ satisfying the 
conditions 

(r, s|iV_ = 0, (r, s\do = r(r, s\, (r, s\bo = — 2s{r, s\, (r, s|cq = — 2s(r, s\. 

Notice that F r and Fj have left and right U q (sl2)-module structure respectively |10| 111]. 
Let 

\L) = \L,0) €F Li0 , (L\ = {L,0\€Fl )O . 

They become left and right highest weight vectors of U q {sl2) with the weight LAi + (k — L)Aq 
respectively, where Ao and Ai are fundamental weights of sfa- 
We consider operators 



(z) : F r)S —> F r+ ^ s+ i_ m , J (u) : F TtS — > F T)S+ i, S(t) : F T)S — > F r _2 |S -i, 
the explicit forms of which are given in Appendix [Cj We set 

for simplicity. The operator 4>m(z) is used to construct the vertex operator for [/^(sfe): 

I 

0(0 ( Z ) : Wr _> ^ r+/ ®vf > , 0« (z) = J] 0$ (z) ® , 

m=0 

where W r is a certain submodule of F r called g-Wakimoto module [10] . 

The operator J~ (u) is a generating function of a part of generators of the Drinfeld realization 
for U q {sl2) at level k. 

The operator S(t) commutes with U q {sl2) modulo total differences. Here modulo total 
differences means modulo functions of the form 

/(g fc+2 z) - fjq-^z) 
(q-q v )z 

Consider 

n 

F(t, z) = (L + J2h- 2N\^( Zl ) ■ ■ ■ <p^(z n )S(t N ) ■ ■ ■ S(h)\L) 
i=i 

which is a function taking the value in (g) • • • <8> V^ n \ Let 

_ + 

3 ~ 4(k + 2)- 

Set 

Then the function F(t,z) satisfies qKZ equation (fT]) with k = q~ 2 \ LJ[ 5 N + 1 ) mo dulo 
total differences 10 1. 
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4 Integral formulae 

Define the components of F(t, z) by 



(in) 



F(t,z)= Yl F^{t,z)v^ ®---®v2, 

Ui€{0,...,li} 
l<i<n 

where (u) = {u\, . . . , u n ). By the conditions on weig hts F^(t,z) = unless 
n 

Y^{k-n) = N 

i=i 

is satisfied. We assume this condition once for all. Let 

IK* I Vi + k} = r, + h} = {fc(l) < • • • < k(r)}, 

TH = h(i) ~ Vk(i) (1 < i < r). 

The main result of this paper is 

Theorem 1. We have 

( n 2(FF2) (L-2N+Y; h)\ ( \ 

F^Ht,z)=A^\t,z)\T[z i 1<J J \JlCi i ,i j (z i /z j )jmz)w { _ v) (t,z), 

where (-v) = (h - v x , . . . , l n ~ v n ), n* = - u k ^ and 

A {u) (t,z) = q~ NL q i=1 q l<1 1=1 

1 \N \j_ {± m)n s -l Hs) n s ] f'"^ 1 , ,A 



N 



(v) \s=l ) Ks=l i=0 



f. fc+2 J fc+2 

\a=l 



The formula for F^ u \t,z) is of the form of ([2]), ([3]). More precisely in Tarasov-Varchenko's 
formula (J3j) , W can be written as 

for suitable W'. This W' specifies an intertwiner. In this paper we don't consider the problem 
on specifying W'. 

To prove Theorem [1] let us begin by writing down the formula obtained by the free field 
description of operators (j>i(z), J - (it), S(t) given in Appendix ICl Let (e) = (ei, . . . ,ejv), (a*) = 
(/ii,l, ■ • ■ , fJ-i,m , ■ ■ ■ , fJ-r,n r ) G {0) 1}^- Then F^ u \t, z) can be written as 

r 1 TV 
] \ — 27V T r 1 



FM ( ^)=(-i) N ( 9 - 9 - i )- 2 "nran*.-' 
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N 

- E_ II" 



Mi 



2mu. 



yi<i 2 <»i 1 



where 



i=l 



X [• ■ ■ [^fc(l) (^fc(l))) ( U l,l)] ? ! fe(l) > J Ml,2 ( U l,2)] g ifc(l)-2 • • • , «/ m , ni (Ul, m )] ^-2(^-1) 

X <^V)+i(^(r)+l) • • • <f>l n (z n )S eN (t N ) ■ ■ ■ S ei (h)\Ly 



X [• • • [<fofc( r ) ( z fc(r)), -V.a 0"r,l)] g »k( r ) > J /v,2 ( n r-,2)] g i fc(r) -2 • • • , {u r ,n r )] q l k{r) -2(n r ~i) 



and the integrand in the right hand side signifies to take the coefficient of Uij . For 

\ Ki<r ' I 



the notation [x, y] q see Appendix ICl 

Let (m) = (mi, . . . , m r ), < mj < n,,. Then 



\ 



n 



(in. 



Mil, 



«1,«2 



l<n<r 2 * m ii,i2 
\l<i 2 <n il 

r 

E 



fe(i) ff -"ii(ni-l) 





) 


m i _ 





n 



l<ti<r 2mu ii,i2 
\l<i 2 <ni 1 / 



where 



F 



i=l 



'fc(i). 



.i(^fc(l)-l) 



X ( J w,iKl) • • • J^, mi («l,mi)0Z fc(1) (^(l))^ limi+1 (^l,mi+l) ' ' ' ^7 ljrei («l,ni)) ■ ■ ■ 
X ( J W Kl) • • • J /7,, mr Km r )^ fc(r) (^(r))^ r , mr+1 Km r +l) ■ ■ • J~ >nr (u r ,n r )) 
x 0« fc(r)+1 (2fc(r)+l) • • • <f>l n (Zn)Se N (tN) ■ ■ ■ SW(tl)|i^, 

and is a suitable deformation of the torus specified as follows. We introduce the lexico- 
graphical order 

< U1J2) ^ n<ji or n=ii and i 2 < h- 

For a given (m) = (mi, . . . , m r ), 1 < rrij < rii, we define 

j < (zi, z 2 ) j < k(h) or j = k{ii) and m ix <i 2 , 

j > (11,12) j > k(h) or j = k(ix) and m il >i 2 . 
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The contour for the integration variable Ui lt i 2 is a simple closed curve rounding the origin in 
the counterclockwise direction such that q l i +k+2 Zj ((11,12) < j), Q~ 2 'Uj 1 ,j2 ((*i?*2) < (ji,j2)), 
q ~^ l2 (k+2) ta (\< a <N) are inside, and q-^ +k+2 Zj ((h,i 2 ) > j), q 2 u jlj2 ((ji,j 2 ) < (h,i 2 )) 



are outside. We denote it C, 



Then 



( £ )(/x)(m) 



(t,z\u) = f^(t,zMt,z)G^ M(m) (t,z\u), 



where 



f {u \t,z) = Yl^zi^ha^/zj) \ H(J 



Zi) k + 2 



i<j 



.i=l 



N 



) k+2 



.i=l 



.1=1 



.a<b 



4 )W (MH=G!i H (Mi«) n 

\a<b 



q e H b - q e H a \ 
t b - q~ 2 t a / ' 



G 



(e)M(m) 



(t, z \u)= n n 



zj — q^iteh k 2 



U; 



21,12 



,(U,«2) 



. (il,i2)>J 



i — fc— 2 
2j — 9 J u ii,i2 



n 

(ii,ia)<i 

(«1>*2) 
Kb<N 



u il,i2 Q 



L+k+2 



Zj 



n 

,0l,22)<(jl,j2) 



"il,«2 -g-^l- < 2( fc+1 )- e ^ 6 



•«/' 



'Jl J2 



For i, let = j = ±}. The number of elements in is a^and 

if 1 ,...,£ ± ± } . We set a" = a h A~ i = A^, A^ = Vf i=1 A^ and 



0<mi<rii 
Ki<r 



.i=l 



"ii(rij — 1) 


Hi 


1 




mi _ 





\(n,«2) 



(#)M' 



«1,«2 



See the beginning of the next section for the notation of the q-binomial coefficient 

A*) 

'(e) (a) "(a) 



For a given (a) = (01, . . . , a r ), 1 < aj < nj, we define J/^l v and jK as follows 



J (e)(a) - J (e)Qx)' 

I — a i 

Ki<r 
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J, 



(a) 



e it., n 

ei,...,ejv=± y=l J \l<a<b<N 

Using J/"}, F^(t,z) can be written as 



t h - q -n a rw 



F^(t,z) = (-l) N {q-q- 1 ) 



]\-2jV 



v i=l L * J V \6=1 / ( a ) 



)' 



Theorem [I] straightforwardly follows from the following proposition. 

Proposition 1. If (a) 7^ (m, 77-2, . . . , n r ), J^)(t, z) = 0. For (a) = (774,77,2, ■ ■ ■ , n T ) we have 



J, 



N J v(iV-L) + M^i)_( | ; ^) 



iV 



n 



X 1 

1=1 



E n t )n a -l k(a) n s 



n a —l 



] I (1 - g 2 ^-)-*)) U M (f,z). 



i=0 



This proposition is proved by performing integrals in the variables Ujj in the next section. 

5 Proof of Proposition [I] 



We set 



71 

[n]!=IIW 

i=i 



n 
m 



n 



[n — m] ! [m] ' 



for nonnegative integers n, m (n > m). To prove Proposition [IJ we have to calculate J$uy We 
need the following lemmas. 

Lemma 1. For n > 1 and n > m > 0, we have 

( \ 



(0 



(11 



E 



AuB={l,2,...,n} 



n 



m(n— m) 



77 



|A|=m / 

e (n< 

AUB={l,2,...,n} \i<j 
\A\=m 
IH=l(ieA),iH=-l(ieB) 



Proof. By the (/-binomial theorem 



n(n— 1) . / ,\ 

-— L -2 — '-+m(n— 1) 



77 

777 



n(i+^- i+2 ^)=E 



1=1 

we have the equation 

m 

2 E ij 



i=0 



n 
i 



£ q & = q {n+1)m 



n 
m 



l<h<---<i m <n 

The assertions (i) and (ii) easily follow from this equation. 
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Lemma 2. Let n>l, n > m > and 1 < i\ < ■ ■ ■ < i m < n. Then we have 

^ s g n0 " *<r(ii)*o-(i 2 ) ' • II (*<r(6) - q~ 2t a(a)) 

adSn l<a<b<n 



-m(n+l)-^ll + 2 £ ^ 

= 9 [m]![n - m]! e m (ti, . . . ,t n ) (*&-*a), 

\<a<b<n 

where e m (ti, . . . ,t n ) is the m-th elementary symmetric polynomial. 
Proof. Set 

^(*) = X] sgncr ' ' "Mtm) II ~ 9~ 2 Ma))- 

crGSn l<a<b<n 

It is easy to see that F(t) is an antisymmetric polynomial. So we can write 
F(t)=S(t) II fo-t„), 

l<a<6<n 

where S(t) is a symmetric polynomial. Moreover S(t) is a homogeneous polynomial of degree m 
and deg t S(t) = 1 for all i £ {1, . . . , re}. Hence we have 

= ce m (t) 

for some constant c. 

E™ ■ , n(n— 1) m(m+l) 
'j'" 1 2 2 

The number (— l)^- 1 c is equal to the coefficient of 

jXi jXi— 1 _ _ _ fn—m+lj.n—m—l^n—m—2 ± 
i\ 12 im 1 2 n— 1 

in 

We can show 



, 2nm+m ^ +2 S 1 lk ( q -m(m-l) q^A l q -(n-m)(n-m-l) £ ^(r) 



where ^(<r) is the inversion number of cr. 

j-.^/ m ( m — 1 J 

Using the fact }Z Q = 1 * [ m ]!> we have the desired result. 

<f£S ra 

Lemma 3. For 1 < n < I, we have 

t<r(b) ~ q~ 2 t<r(a) 



B _ 1)V .<»-i) » E»-^)ii(-'A ( „) n 

aeS n i=l i=s+l \l<a<b<n ( ) M a ) 



= (-1) V n "^ I n (1 " | N!*lt2 • • • t n . 

Proof. We set 

t<r(i) - q~ 2t *(j) 



L n ,s= ^2 sgnaY[(z-q l t aii) ) FJ (z - q H a{j) ) \ T\ 



t{ tj 
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i) 



s=0 

Using Lemma [21 



n 
s 



L, 



It 

L n ,s = Y,(-V kzn ~ k ek(t)q- k{n+1) -^[k]\[n - k]U 



Then, 



k=0 



,2lt-lk 



t=Q 



E 



E 2i, 

7 J=1 



. l<il<l2<---<i!i<S 
\s<it+i<---<ik<n 



J2(-l) k z n - k e k (t)q 



-i fc _ fc ( n+ i)_n£» r iij jb j ! j n _ jb j ! 



fc=0 



u=o 



2lt 2s(k-t)+(s+l)t+(n-s+l)(k-t) 



n — S 
k - t 



s -s(n-l) 



n 
a 



^(-l)* z »-* efc (t) ff - 



[ife]![n-ife]! 



,t=o 

n 



k=0 

S 
t 



n — s 
k - t 



[n]\Y,{-l) k z n - k e k {t)q 



.| fc _fc( n+1 )_»i!Lzii 



fc=0 
k 



t=0 
n 



A- 
f 



ra— fc+t 



E 



s — s(n— fc— 1) 



n — k 
s - t 



M! J^(-l) V _fc e* (t) g-tt-fcfa+i)- 2 ^ 

1 (-ljy-*^*- 1 ^,* 



fc=o 

k 



x Vg 2 V fe ~ t)(n+1)+ * 

t=0 

7 n(n— 1) 

[n]\(-l) n q- ln q-^- 



k 
t 



t 2lt -(n-l)t 



t=0 
fn-1 



n 



e n (*) 



i=0 



Here we have used the q-binomial theorem. 

For a given sequence (mj)[ =1 (0 < m, < n,), let = \j < m^}. Set 



n dui lt i 2 I AM 



,(*1,*2) 



2TTlUi 



( M )(e)(m)- 



Lemma 4. VFe /iaue 



(L-JV){ E(n s -2a s )} 



0)(<OM 



,(«l,«2)<j 



n 



Mil ,i2 



.(il,i2)<0'l J2) 
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N 



e n*- 1 



E \Ci\ 

i=l 



D'^DiHMi 
Ki<r 



n 



(ii,h)<(Ji ,32) 
. (n,i 2 )eGiU-uC r 
\0'ij2)er>iU-uA- / 



"lAil 



e n nic 

l<6i,3<JVii=l I i 2 =l 
l<i<r 

i<i<|A| 



n 



°H,»2 7 



-1-E6 



n 



l h 1A2 - tb 



(il,»2)<0'lJ2) n 



j *6 



fc(ii)-l 

n 



<t b . . 



I ^1 1 



Zfc(ii) -9 fcCil) * 6i 



J1.J2 j = l 



Proof. We integrate with respect the variables Uij, G ^4+ in the order , ...,u^+ , 

u»+ , • • • , w„+ . With respect to 14,4 the only singularity outside C,+ is 00. Then the integral 

*2,1 + 1,1 1,1 

in u„+ is calculated by taking the residue at 00. After this integration the integrand as a 

1,1 

function of u £ + has a similar structure. Then the integral with respect to u e + is calculated by 
taking residue at 00 and so on. Finally we get 



E«+ 
(-l)-i Res 



Res 



■ Res ••• Res Gf )()( ) 

4 =00 u 4. =00 it 4. =00 it 4 =00 \^J\f"J\.""J 
+ r.l -, + 1,1 



(i, z\u) 



n 

c <=i \(ii,t 2 )e 



K {h,h)<3 

( 



q Wi.<2 

i(n,i 2 )<0'ij2) 



n 



j'<(ii,ia) 
\(ii,i 2 )e^ 



*7 ~9 



ni,i2 



n 



(/.; 



,As+l-e 6 



(il,i 2 )6A M 
, Kb<N 



n 

(*l,«2)<(jlJ2) 

\(n,i 2 ),(iij 2 )eA 



*»1,*2 %'lj 2 



JU2 



where C i=1 is the resulting contour for (u^ ,U£ rar ). We set 



I, 



(t,z) 



n 



. (u,«2)6A M 



«1,*2 



n 



z 3 



-lj k 2 U 



«1,«2 



J<(tl,i3) ^ ^ ^ 



\ 



n 



7 fc+l-e 6 



«6 



(«l,«2)GA A , 

. 1<6<AT 



U,*2 



«*+ 2 ti, 



n 



(«l,i2)<0'lj2) 

\(n,j 2 ),0'i,j2)6A ( 



U h,i2 1 2lL jl,j2 
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Next we perform integrations with respect to the remaining variables Uij, € in the 

order U£ rar ,..., U£ r>1 , ui r _ x a ,...,U£ lfl . The poles of the integrand inside Cn rar are and 

q k+2 t b , b = 1, . . . , N. Thus we have 



du e r , ar j( 
2m 



n ■ 

A<b<N 



n 



u. 



(ii,»2)eA p 

\ 



\ 



n 



—l —k—2 

Zj — q •? u ii,i2 



( 



I — k— 9 



H(»2 



n 



Jc+l-e b 



tb 



■ (il,t2)eA Al — {< r , 0r } 
\ l<b<7V 



Hi, 12 



n 



+ E (i 



n 



-l-e&j 



> n 



(ii)ia)<(j*i>i2)<^r,o 1 

\ (u,j2),(jl,J2)eA M 



n n,^2 tt jij2 

U il,l2 ~ Q U jl,j2 



J 



Zj -q 



q k+ % 



( 



.a 



u 



11,12 



/ 



n 



,fc+l-£6 



n 

J2)l 



*6i 



1 



Kb<N ° l r,a.r ° 



\ 



J 



U 



11,22 



(u,«2)6A fl 

\(»l)»2)^r,or / 



-ij k 2 



TT — 

J<(U,12) 



\(il,t2)e-A At -{^ r ,a r } 



/ 



«6 



■ (u,i2)eA M -{f r ,o r } 

\ 1<6<7V 



/ 



\ 



n 



U h,l2 U jl,32 



(H,«2)<(il J2)<fr,a, 
\ («l,*2),(jlj2)eA M 



^1,12 9 %'lj2 



Hl,i2 q^^^tb 

The integrand in U£ ra _ 1 has the poles at and q k+2 t b inside Ci ra _ x and so on. Finally we get 



/ 



« ^1^2 

Ah,i2) I \{ii,i2)<j I \(*i,*2)<(j'liJ2) 



E 

o}u(: 

(ii,i2)eA^ 

where T = {ii,i 2 , • • ■ ,t N }, W hti2 



Res • • • Res l\ U \^\ , 
u c, i = w i i -i u f „ =UI ^^ „ ^ 'W 

^ illi2 e{0}U(T-VK il)i2 ) 



U {we. . j. 

Set d = {£ij | wi i . = 0}, = Afai — C{. Then we have the desired result. 



Now we can calculate 



(e)W 



Proposition 2. T^e Ziaue 



?M = (_i),= 

(e)(a) V I 



Eii/ E (, E 'tj(n s -2a s )\ / (L-7V){ ^(n s -2a s )} 
_i I _s = l t = fc(s) + l L — -. 
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J2 E n s (n t -2a t ) 



X q 



e n 



l<il<r 
l<i2<a i:L 



Cj, . — th 
"»i.'2 "n.»2 



n=i ^^=0 



[s ix ] ![<!,;, - s 



E 

i=0 

n ( a-* 

12 = 1 



lg i ( 2, *(*l)~ n <l" a «l . 



1-66, 



n ' S ;;"C" n 



t 6 . 



J 2 



x n 



&7^6i! ,» 2 
"'1 



«2<J2 



1 Z 3 



-J, 



n 



2fc(ti)-9 fc(il) *6« 



2 / ia=sj 1 +l 



1>*2 



Proof. Using Lemma 0] we have 



(-D £ai e e (-i) £m< |n^ w 

l<i<r l<i<r 



(nj— 1) 




1 




m» _ 





n 

u=l 



(L-N){ni-2ai) 



N 



K {h,i2)<j 
( 



e (n^) £|Cil 

CiUDi=yl Mii 6=1 
D'=AnM; 



iihj 

KKr 



v (il,*2)<(jlJ2) 

\ 



n 



(iii*a)<(7iiJa) 
i (ii,i 2 )eCiU-UC r . 

\0ij2)eDiU-uD r / 



X 



r flAil 

e n nic 

l<6i,3<JVii=l I i2=l 

l<i<r 
l<j<|A| 



-l-6 6 



11,12 ) n 



-1-66 



*6 



*6 jll<a ~*6 



X 



n 



(u,i 2 )<(iij2) tb ' 1 '' 2 Q tbjl ' n J=l * 5 

Pi! I 

x n 



2,- 



(4) 

^2 = 1^1+1 

Set Ai = fl Mj|, 7^ = |Z>i|, Si = |ZK|, 1 < i < r. Then the right hand side of ([3]) is equal to 



e m> s ™' n 



0<m;<rt; 
Ki<r 



"»i (nj— 1) 




1 




mi _ 





E E E (-(a)(7) 

0<7j<<Jj 0<Sj<7j 0<Aj<mj 
l<j'<r l<j<r 1<J<»' 



E ifc(s)(m s -2A s ) 

1S = 1 
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x < 



n 

ii=i 



e n 



"Mil , 



i.»a 



Vii=l 



Oil ~~ Ajj 
7ii ~~ s ii 



X 



e n ikw 

l<6H,i 2 <-Wii=l I, \»a=l 
l<ii<r 
l<i 2 <7i 1 



' n 

6^ 6 *l,i 



th. . — q 2 tf,. . -'--f- Zj — q l ith - 



'2 = 



£ +1 2« il )-9" ,i ">tj, ii 



n 



t 6 . - 



where 



W(7) 



("I) 



E«. / E ( E Jt)(n.-2o.)\ / (L-N){±(n a -2a s )y 
i=l I o s=1 i=fc(s) + l | I q L s=l J 



£(n s -2a s )( E n t )\ / 2 f E l*^"^ 

1 q s=i s <t 



Here we have used Lemma Q] (i) 
By (ii) of Lemma [J we have 



n 



E (o«-7«) 

8 = 1 



£6 



>Kb<N 



b - — th. 
l l>>2 Jl>J2 



2 Yl c Mh) Yl [Hi 

j=10<7j<Oj l<6i lli2 <iV \ii<ji " l i.»2 y 

l<i<r l<ii<r 
l<j 2 <7i 2 



H=l 



Tii o-j-7ii+ s ii "ii 

^ ^ (_l)^i 19 -'"i 1 (ni 1 -l) g 2Z S:(il) (mj 1 -A il ) 
^^=0 A, 1 =s il m 4l =0 

\ 

A,;, 



mi 



e n 



|A ttlil |=Oi 1 «2<j2 

\\A„ tn nM n \=x n l ^=n 

ri(i-9 -1 "^: 

\ i2=i 

fe(il)-l 



n 



Zj - q L n bi 



/ 

> n 

Til 



^ii Ajj 
Tii - s n 



^l,i 2 g 1 ^ TT ^1^2 ^1,3 

th. - —th ii,. . — q~ 2 th. 



»2<J2 11 '' 2 



n 
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£ " w(7) E I II . 



0<7j<« 3 l<&ii,i 2 <-!V \ii<ji i ^ 

l<j<r l<n<r 
l<i 2 <7i 2 



J ^ ^ (_ 1 )m Ilg -rn, 1 (n H -l) Q 2« fc(ll) (m 11 -A 11 ) 
H=l ^^=0 Aj 1 =Sj 1 m il =0 



mi 



X g 



771; 



Oil ~~ ^il 



Oil ^ii 



12=1 



n 

6^6ii .«a 
Tii 



4 — <7 1 £6 ib -i-r th. - — th 



n 



^6;, i„ tb ■ , ■ th- s n 



U2 



n 



n 



It is easy to show 

a-7+s n 

E E(-irv 



A=s m=0 



m(n— 1) 


n 


q 2l(m-\) ^ 




m 





n(n—l) 


m 




n — m 


2 


A 




a — A 



A7+<27— as— 7 2 



" A " 




a — A 


s 




7 — s 



Is ! a — s ! 



i(2/-n-a+l)_ 



i=0 



« ! n — a — i ! 



for < s < 7 < a < n. 
Hence 



(-1)*= 



E0i / El E «t)(».-2o.)\ / (L-JV){ £(n s -2a s )} 

i = l | « S = 1 t=fc( S ) + l I „ L s = l J 



- E ("s-2a s )( E ra t ) 
x I g s=1 4=3+1 



° l l.*2 v J 



l<6ii,* 2 <-'V \ii<ii 
l<il<r 
l<i 2 <a il 



X ] [ 1 E (_l) s ng a n("n- s n- 1 )+ s ng 
U=l [^=0 



71; 



x 



(_l) i ^( 2 'fe(ii)- n H- a n+ 1 ), 



i=0 
iii 

nip 

42 = 1 

fc(il)-l 

n 



ijlfnij - aii ~ i V- 



6^ h il,i 2 
"'1 



hi, a. - h 



«2<?2 11,12 l l J 



n 



z fc(ii) 



-i fc(il ) t 



2 / «2=Si 



.1 «fc(ii) - Q * (<1) V< 
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Lemma 5. If aj ^ m for some i, 



N 



e n«i n 

ej=± \j=l / \a<6 
Ki<JV 



Proof. It is enough to show the following equation. For 1 < i 2 < N (1 < i\ < r, 1 < i<i < 

((*i,«2) 7^ {juh)), 



e;=± \i=l / a<6 l<ii<r 



Ki<N 



l<J2<ai 1 



\s=l / la<6 



n*. 



(5) 



For a set {&i,i, ■ ■ . ,^r,a r } = ■ ■ ■ ,b a }, let{ci, . . . ,CN- a } be defined by 
{&i, . . . , b a } U {ci, . . . , c N ^ a } = {1, . . . , iV}, 

r 

where a = X] a «- 
i=i 



Then the left hand side of ([5]) is equal to 



(i- q ~ 2 r[ n v+ n^-^)>< 



Ki<n 



f N-a 



■ IK 

h<Cj 



Ci<fej J e Cj =± \ i=l 



n n & 

l<i<a KjXAT-a 



1<?<7V— a 



■ — 1 _L 
7 J 



n n (<6,-g _i -^«c 



l<i<a l<j<N-a 



Using 



(t b . - q^~%)(t bi - q ^t Cj ) = (t bj - t Ci )(t b . - q'%), 
we have 



e \i=l J la<b ) l<h<r 



a-<r 2 H n «... 



l<l2<Oi 1 



12 )){ n (^-s-n 



KKq 



n 



l<ij<a 



n n (*6i-tc,-)(*6i-?"%) 

l<i<a l<j<N-a 
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'N- 



iih Hi e iim nt^w^ 



Ci<bj 



Ki<N-a 



l< 3 



Let a + N and t»i(e) =* (1, g e i*, (g%) 2 , . . . , (g^r - * -1 )- Then 
/N—a \ 



e»=± \ i=l / i<i 
l<i<JV-Q 

/ N—a \ 

X! [ ei J det(ai(ei),o 2 (e 2 ),... , UN— a (cat-q)). 



Ej=± V j = l 

Kj<iV-a 



Since 



]T ^(e) =* (o, (? - • • • , fa"— 1 - g"^— 



the right hand side of (|SJ) is equal to 0. 
If = rii for all i, then 



N 



e rw n 



g e H 6 - q €a t a \ j {u) 



6j=± \i=l 
l<i<W 



Ko<6<JV ^ ' 



c n 



— 

h - q~ 2 t a 



e En 

r 1 u-ur r ={i,...,7V} b ilJ2 er n \h>ji 

\F s \=n s (s=l,...,r) l<ii<r 
l<i2<Wi 1 



J 2 



U <-1,'2 "31,3 



">-, 



n e 



1/7 ( ni l 



»1=1 ^Si!=0 



$ i i 



i 2 =l 



n 



n fe H -^-\.,)n "r"^ 

«2>i2 "n. l 2 b n.J2 
fc(ii)-l 



J 2 



«2=Si, +1 



1 



n 



where 



Ci = (-1)^(1 

( r 



. . 2 



2 f/i=l 



X < 



E ( E l*)n. I E ( E n t )n s 

8=1 t=fc(s)+l ^ ^ ^s = l X t = a + 1 



By Lemma [3] the right hand side of ([7]) becomes 



C 1 ]J\(-ir*[n s }\q- l ^q- Ihs ^ \ ' [ (l-^H) 



'n. — 1 



s=l 



i=0 



(6) 



(7) 
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n 

\a<b 



h — t a 



n 



r 1 u--ur r ={i,...,JV} i<i<j<r 
|r s |=n s ( s =i,...,r) yaer^berj 

k(s)-l 



tb-q t a 

tb — t a 



«nn 

s=i6er s 



h TT Zj-q H t b 



This completes the proof of Proposition [TJ 



A The representation 

Let ej, /i (i = 0,1) and g d be the generators of U q {sl2)- (See [4] for more details.) The 
actions of the generators of U q {sl2) on Vz are given as follows. 
For < i < I and n € Z, 



(0 ^ 


)z n = 


[*-*]«2i®* B+1 , 


(0 /C 






)z n = 




/iff <S 


) z « = p - g, z n 




%z n = 






g) z « = f-* v f <g) 


Af s 


)z n = 













B 12-matrix 

We give examples of explicit forms of i?-matrix in the case of h = 1 or I? = 1. They are taken 
from [4j . If we write 



e'=0,l 

^i,iW(«f ) ®^ 1) )= £ d'O^- ®^ 



then we have 



r^ 2 (z) r^ 2 (z) \ _ 1 / q 1+h / 2 - z^q-V 2 (q - q- x )z~ x f q h l 2 

rlo (z) rl[ 2 (z) J ~ qi+W* - z -i q -W2 \ (q - q'^eq'^ 2 q i-h/2 _ z -l q h/2 

rfrC*) 4^) ^ = 1 ( zq h ' 2 - q^ 2 (q - q^zq^f 

r l £(z) r l £(z) ) zq h/2 _ q -l-h/2 \ (q-q-l)q-W e zq -h/2 _ q -l+h/2 

h = h%, e = e\ and f = ft- 



C Free field representations 

The following formulae are given in [6]. For x = a, b, c let 

x(L-M N\z ■ a) =-V z-V ra| " + — logz + — C> 



q [Mn] [Nn] * MN b MN 



x(N\z : a) = x(L; L, N\z : a) = - £ J^-» 9 H° + ^ log z + 
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The normal ordering is defined by specifying N+, ao, 60, Co as annihilation operators, iV_, Q a , 
Qb, Q c as creation operators. 
Define operators 



J~(z) : F r , s -» F r . +1 , S(z) : F t , s -> F r _ 2l ,-i, 0#(z) : F r , s -» F, 



r-\-l,s+l— mi 



by 



J "^) = (g _ g -i > ( J +^)- J -(^ 



J 0) =: exp a 



O) [„-2„. 



/c + 2 



) +6(2|g^- 1 )( fc+2 )z;-l) +c(2|^ t - 1 )( fc+1 )- 1 z;0)^ : 



yfc + 2 



»\(q- E W^V^"^" + ao log g 



n=l 



{q-q l )z 



S e (z) =: exp (-a + 2\q~ 2 Z] -*±^) - 6(2|g- fe - 2 2 ; -l) - c(2|<r fc - 2 +^; 0)) 



(z) =: exp (a (l; 2, fc + 2|g fc z; ^\ 



t(0 



2vri 



J g< 



J (u r ) 



7 i-2r-+2 



where 



and the integral in <f>P (z) signifies to take the coefficient of (u± ■ ■ ■ u r ) 1 . 



D List of OPE's 

The following formulae are given in [6] 

f n h+h+2k+6S2. „4 n 2(k+2)\ f n -li-l2+2k+6z 2 . n 4 „2(fc+2)\ 
<j )h (z l )<P l2 (z 2 ) = (q k z 1 )^TT) V 



g«!-; 2 +2fc+6 22 . g 4 ) ^2(fc+2)A ^-ii+2 2 +2fc+6 £2 . ^ q 2(k+2) 

x :<kt{z x )<lHM : > Ig-' 1 - 13 ^ 6 ^! < |zi|, 



<f>i(z)j-(u) = i_ k _2 u '■ 4>i( z ) J p( u ) : > \q~ l ~ k ~ 2 u\ < \z\, 



j~{u)Uz) = q» l U u \ l+k+2z z ■ k~ l+k+2 u\ < \z\, 

Mz)S e (t) = T^fff (q k z)-^ : fr(z)S e (t) :, \z\ > \q~% 
J-(u)S e (t) = a'" \_ _ Kk+2)t ■ ^(u)5 e (t) M > |g- fc - 2 t|, 



g- Wakimoto Modules and Integral Formulae 



21 



r-t \t-( ^ Q ^ui-q ^ 2 u 2 . . . . . , _ 2 

5 ei (ti)5 ea (t 2 ) = (g- 2 *!)^ ^* 1 "-^? 2 ^ Z 1 '^ 00 : S ei (h)S ea (t2) :, |ti| > 
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